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Theta Sums

Definition 1
A Jacobi theta function is a sum of the form

o(r) = Ze’ri"zT = Z e(3n’r),
nez neZ

— e27rlz

where e(z) . For 6 to converge, we must have () > 0.
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where e(z) = e*™Z. For § to converge, we must have 3(7) > 0.

We can introduce real parameters a and 3 to modify the behavior of our
theta sum.
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where e(z) = e*™Z. For § to converge, we must have 3(7) > 0.

We can introduce real parameters o and 3 to modify the behavior of our
theta sum.

Definition 2
A modified theta function is a sum of the form

O(r;, B) = Ze(%(n — B’ 7+ (n—B)a).

nez
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Theta Sums

Definition 1
A Jacobi theta function is a sum of the form

o(r) = Ze’ri”zT = Z e(3n’r),

nez neZ

where e(z) = e*™Z. For § to converge, we must have 3(7) > 0.

We can introduce real parameters o and 3 to modify the behavior of our
theta sum.

Definition 2
A modified theta function is a sum of the form

0(ria, 8) =Y _e(3(n—B)°r+(n—B)a).

nez

These are typical examples of a wider class of functions called theta sums.
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Visualizing Theta Sums

We can evaluate theta sums along curves in the upper half plane. The
curves we will look at are of the form

{x+ie: x € R,e > 0,¢e small}
Then we plot the output of the theta sum as we move along a small part

of the curve by varying x in a small interval. In the following pictures, we
plot the "normalized” function 51/40(x +ig; a, B).
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Pictures of Bounded Theta Sums

a=1/2, B=1/6, N=100, 0.25x50.35

a=1/2, B=1/6, N=100, 0.55x50.65

a=1/2, B=1/6, N=100, 1.83x31.95

=112, f=1/6, N=1000, 0.25x<0.203

=12, f=1/6, N=1000, 0.55x<0.503

=112, f=1/6, N=1000, 1.85xs1.803

-1.0 -05 00 05

Image taken from [Cellarosi and Osman, 2023a]
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Pictures of Unbounded Theta Sums

a=112, f=1/3, N=100, 0.25xs0.23 a=112, p=1/5, N=200, 0.25xs0.23

Image taken from [Cellarosi and Osman, 2023a]
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Theta Sum Bounds

Theorem 3 ( [Cellarosi and Osman, 2023a])

Let o = 5> and f = %, with a, b, and m all odd, and such that

gcd(a, b, m) = 1. Then there exists a constant C = C(a, b, m) such that

1

0(x + ie; o, B)| < Ce™

I

for every x + ie in the upper half plane.
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Theta Sum Bounds
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Let o = 5> and f = %, with a, b, and m all odd, and such that

gcd(a, b, m) = 1. Then there exists a constant C = C(a, b, m) such that

1

0(x + ie; o, B)| < Ce™

I

for every x + ie in the upper half plane.

@ This theorem identifies which « and 8 produce a bound for our theta
sum.
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Theta Sum Bounds

Theorem 3 ( [Cellarosi and Osman, 2023a])

Let o = 5> and f = %, with a, b, and m all odd, and such that
gcd(a, b, m) = 1. Then there exists a constant C = C(a, b, m) such that

1

0(x + ie; o, B)| < Ce™

I

for every x + ie in the upper half plane.

@ This theorem identifies which « and 8 produce a bound for our theta
sum.

o If o and S are not of this form, then for any C, there exists x + ie
such that |0(x +ic; a, B)| > Ce~ /4.
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Pictures of Bounded Theta Sums

a=1/2, B=1/6, N=100, 0.25x50.35
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Image taken from [Cellarosi and Osman, 2023a]
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Pictures of Unbounded Theta Sums

a=112, f=1/3, N=100, 0.25xs0.23 a=112, p=1/5, N=200, 0.25xs0.23

Image taken from [Cellarosi and Osman, 2023a]
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Quadratic Forms

Definition 4

A quadratic form is a polynomial expression where all terms have degree
two.
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Quadratic Forms

Definition 4
A quadratic form is a polynomial expression where all terms have degree

two.

Some examples of quadratic forms:
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Quadratic Forms

Definition 4
A quadratic form is a polynomial expression where all terms have degree

two.

Some examples of quadratic forms:

OX2

@ 2a% 4 3ab + b?
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Quadratic Forms

Definition 4
A quadratic form is a polynomial expression where all terms have degree

two.

Some examples of quadratic forms:

OX2

@ 2a°+3ab+ b
o V2uv+ u? + \/gv2 — TVYW
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Rank 2 Theta Sum

Recall the Jacobi theta function:

0(r) = Ze“i”QT = Z e(3n’r).

nez neZ
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Rank 2 Theta Sum

Recall the Jacobi theta function:

0(r) = Ze“i”QT = Z e(3n’r).

nez neZ

We can generalize the theta function by replacing n? with an arbitrary

quadratic form.
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Rank 2 Theta Sum

Recall the Jacobi theta function:

0(r) = Ze“i”zT = Z e(%nzT) .

nez neZ

We can generalize the theta function by replacing n® with an arbitrary
quadratic form.

Definition 5

Let Q be a quadratic form in two variables. We define the Siegel theta
series as

O(ria,B)= > e(3Q(n-pB)r+(n-B) ).

nczz2

Now « and 3 are vectors in R? instead of being real numbers.
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Rank 2 Results

Theorem 6 (L., Osman)

Let Q(u, v) be a quadratic form with no uv term. Let oo = (%, %) and
8= (%, %) Then there exists a constant C = C(a, 3) such that

1
|O(x +ic;a, B)] < Ce™ 2

for every x + ie in the upper half plane.
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Rank 2 Results

Theorem 6 (L., Osman)

Let Q(u,v) be a quadratic form with no uv term. Let o = (%, %) and
B = (%, %) Then there exists a constant C = C(a, 3) such that

1
|O(x +ic;a, B)] < Ce™ 2

for every x + ie in the upper half plane.

Theorem 7 (L., Osman)

Let Q(u, v) be a quadratic form whose coefficients are linearly
independent over the rationals. Then for every o and (3 and for every
C > 0, there exists an x + ie such that

1
|O(x + ie; ¢, B)| > Ce™ 2.
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